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Abstract

We presenttwo bene cial renderingextensionsto the Projected
TetrahedrgPT) algorithmby Shirley and Tuchman. Theseexten-
sionsare compatiblewith ary cell sortingtechnique for example
the BSP-XMP\O sortingalgorithmfor unstructuredneshes.

Using 3D texture mappingour rst extensionsolvesthe long-
standingproblemof hardware-acceleratetiut accuraterendering
of tetrahedralolumecellswith arbitrarytransferfunctions.

By emplgying 2D texturemappingour secondextensionrealizes
the hardware-acceleratetenderingof multiple shadedsosurfices
within the PT algorithmwithout reconstructingheisosurfces.

Additionally, two methodsare presentedo combineprojected
tetrahedralolumeswith isosurfices. The time compleity of all
ouralgorithmsis linearin thenumberof tetrahedranddoesneither
dependon the numberof isosuricesnor on the emplagyed transfer
functions.

CR Categories: 1.3.3 [Computer Graphics]: Picture/Image
Generation,1.3.5 [Computer Graphics]: ComputationalGeom-
etry and Object Modeling, 1.3.7 [Computer Graphics]: Three-
DimensionalGraphicsandRealism.

Keywords: Volume Rendering, Isosurfices, Unstructured
Meshes,Cell Projection, GraphicsHardware, Texture Mapping,
Compositing.

1 Introduction

Tenyearsagodirectvolumerenderingof unstructuredetrahedral
mesheswvas dramaticallyacceleratedy the ProjectedTetrahedra
(PT)algorithmby Shirley andTuchman{21], whichis summarized
in Section2. Althoughtherearenumeroussompetingapproaches
to directvolumerenderingof unstructuredneshese.g.ray casting
[22], slicing [35], or sweep-plan&lgorithms[27], several aspects
of the PT algorithmare still subjectof currentresearche.g.the
sorting of tetrahedralcells (see[5] and referencedherein). Our
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extensionsof the PT algorithm are restrictedto the renderingof
projectedetrahedra.

The original PT algorithm approximateghe opacity and color
betweenverticeslinearly resultingin Mach bandsas reportedby
Maxetal.in [14]. Steinetal. presentea@solutionfor thecorrectin-
terpolationof opacitiesutilizing 2D texturemappingin [24], which
is alsodiscussedn Section2. However, this methodis restrictecto
lineartransferfunctionsfor the opacityandstill interpolatescolor
componentéinearly ignoringthetransferfunctionsfor theminside
thetetrahedra.

Our rst improvementof the PT algorithm allows us to render
both, opacityandcolor, accuratelyby exploiting 3D texture map-
ping. In particularthis methodallows usto employ arbitrarytrans-
fer functions. The methodandits applicationto a volume density
optical modelis describedin Section3. In Section4 we derive
an approximaterenderingmethodbasedon 2D texture mapping,
which is supportedy considerablymoregraphicssystemsandre-
quireslesstexture memory

A secondtensionallows usto includetherenderingof isosur
facedn thePT algorithmusing2D texturemappingwithoutextract-
ing apolygonalrepresentatioof theisosuraces.Therearenumer
ousalgorithmsto displayisosuraicesef ciently. We will mention
a selectionin Section5. However, noneof thesealgorithmstakes
ary particularadwantageof the PT algorithm. Therefore the costs
of displayinganisosurficewerenotreducedyy acombinationwith
the PT algorithmin the past.

Ourapproachhowever, reuseghevisibility orderingandthede-
compositionof the tetrahedratells, which arean essentiapart of
every variantof the PT algorithm. Thereare mary ef cient algo-
rithms for the visibility ordering(see[5]), which all appearto be
compatiblewith our renderingextensions By reusingthe ordering
anddecompositiorof tetrahedraur methods capableof rendering
isosurficeswithout constructinga polygonalrepresentationAs it
is conceptuallysimilar to the rst passof the multi-passalgorithm
for smoothlyshadedsosurficesby WestermanrandErtl [28], we
present variantof this rst passn Section6. We employ thisidea
in the contet of the PT algorithmandpresent specializedingle-
passalgorithmfor at-shadedisosurficeausing2D texturemapping
in Section7. Moreover, atwo-passalgorithmfor smoothlyshaded
isosurficess describedn Section8.

Extensionsfor colored and multiple isosurficesare discussed
in Section9, while Section10 presentdwo methodsfor mixing
isosurficeswith projectedvolume cells, either approximatelybut
smoothlyusingappropriatéblendingandtexture mappingor more
accuratelyby modifying thetexture maps.

We emphasizeahat the worst-casdime compleities of all our
methods,i.e. volume renderingwith arbitrary transferfunctions,
renderingof multiple andsmoothlyshadedsosurfices andmixing
of isosuraceswith projectedvolumecells,arelinearin thenumber
of tetrahedraand neitherdependon the transferfunctionsnor on
thenumberof isosurbces.



2 The PT Algorithm

ThePT algorithmvisualizesa scalarfunction f (x;y; z2) de ned over
aregion of three-dimensionapaceby renderingpartially transpar
entpolygons,which canbe processedery quickly by specialized
graphicshardvare.

ThePT algorithmcanbe summarizedsfollows (seealso[21]):

1. Decomposeéhe volumeinto tetrahedrakells. Scalarvalues
arede ned ateachvertex of themesh.Insideeachtetrahedral
cell, f(x;y;2) is assumedo be a linear combinationof the
vertex values.

2. Sortthecellsaccordingo their visibility.

3. Classify eachtetrahedronaccordingto its projectedpro le
anddecomposé into smallertriangles(seeFigurel).
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Figurel: Classi cationof non-dgeneratgrojectedetrahedrgtop
row) andthe correspondinglecompositiongbottomrow) accord-
ing to [21].

4. Find color and opacity valuesfor the triangle verticesusing
ray integration.

5. Rendetthetriangles.

In the reminderof this sectionandin Sections3 and4 we will
only discussmethodsto improve the lasttwo points: ray integra-
tion andrenderingof the decomposedriangleswith emphasion
hardware-accelerategendering.

Theoriginal PT algorithminterpolatesolorandopacitylinearly
betweernthe trianglevertices. This, however, is an approximation
which leadsto renderingartifactsasdemonstratech [14, 24].

In orderto avoid theseartifactsSteinet al. suggestedn [24] to
usea 2D texture mapwith the texture coordinateseingthe aver-
agedextinction coefcient t andthe thicknessl of the projected
cell, while the texture map containsan a-componentvhich is set
toa=1 exp( tl). In betweerthe verticesof eachtrianglethe
texturecoordinatesnd,thereforet andl areinterpolatedinearly;
thus,this approachis restrictedto alinearly varying extinction co-
efcient t, i.e.alineartransferfunctiont = t(f(x;y; 2). Moreover,
the color is still linearly interpolatedbetweenvertices. Williams
etal. extendedtheseideasto piecavise lineartransferfunctionsin
[32].

3 PT with Accurate Opacity and Color

In this sectiona generalizatiorof the methodof Steinis presented
which works for color and opacity and placesno restrictionson

thetransferfunctions.We achieve thesebene ts by emplo/ing 3D
texturemapping.

Let usstartby investigatingthe situationdepictedn Figure2.
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Figure?2: Intersectinga tetrahedratell with a viewing ray. sf and
S, arethe scalarvalueson the entry (front) and exit (back)face
respectiely; | denoteghethicknessof the cell for thisray.

As texture coordinatesreinterpolatedinearly, we shouldonly
usevariables,the valuesof which vary linearly with screencoor
dinates.We will restrictour consideration$o orthographigrojec-
tions. In this casel varieslinearly for geometricreasonss; and
s, vary linearly becausehey areinterpolatedinearly betweerver
ticesas mentionedabore. Therefore,si, s, andl shouldbe the
threetexture coordinates.Fortunately all othervalues,e.qg.color,
opacity etc.,canbecalculatedrom I, s¢, ands,. Thus,we canset
up a 3D texture mapwhich containsthe color and opacitycharac-
terizing the intersectionof a ray anda cell in dependencof |, sg,
ands,.

For mary applicationghecalculationof thetexture mapis apre-
processingtepand,therefore nottime-critical. Usuallyit includes
anumericaintegrationof arayfor eachtexel in the3D texturemap.
We sketchthe procedurdor the volumedensityopticalmodelpro-
posedby Williams andMax [13, 31, 32] with achromaticityvector
k = k(f(x;y;2) andascalaropticaldensityr = r (f(X;y; 2)), which
arethetransferfunctionsof this model.

Assumingcells are processedbackto front, the addition of the
projectionof a cell changesnexisting pixel color | to anew pixel
color | 9by theformula(compareEquation(4) in [31])

Z, Zy
10 = exp r(s(u)du k(s())r(s(t)d
12 S }
, RGBp (1)
+ exp Ir(s(t))dt |
| %z }
1 awpp

with theabbreiation
X
S =st+ (s st):

RGB3p denoteghe color componentgnotethatk is a vector),
andasp the opacity of an entry in the 3D texture map. RGB3p
andazp dependon thetexture coordinates, s¢, s, andthetrans-
fer functionsk andr. Thus, the texture map hasto be updated
wheneer thetransferfunctionsaremodi ed.

It is anintrinsic limitation of our methodthatk andr have to
dependon the samescalar eld. However, we arenot limited to
this optical model; for examplethe model of Wilhelms and Van
Gelder[13, 29, 32] could be implementedby simply replacing
k(s (t))r(s(t)) by adifferentialcolor vectorE(s(t)) (or g(s(t))
in thenotationof [13, 32]).



After the calculationof the texturemapin a preprocessingtep,
all tetrahedrareprojectedrom backto front. Beforerenderinghe
trianglesof oneprojectedetrahedronthethreetexture coordinates
aresetfor eachvertex of thetriangles.Thenthey areblendedappro-
priatelyinto the framebuffer. Theblendingoperationcorresponds
to

1= RGBap+ (1 awp) I

andis donevery ef ciently by today's graphicshardware.

We give a syntheticexample of this renderingmethodin Fig-
ure 3. Thescalarvaluesattheverticesof the visualizedtetrahedral
mesharedeterminedy thedistanceof eachvertex to the surfaceof
asphereThetransferfunctionof theopacityis 0 exceptfor asmall
interval, whichresultsin thetwo partially opaqueingsin Figure3.

In summaryour methodallows usto exploit hardware-supported
3D texture mappingin orderto renderprojectectetrahedravithout
theneedto do ary time consumingcalculationgor eachpixel. Our
approachs notasaccuratesray-castingalgorithmsor thehighac-
curay (HIAC) volumerenderingsystemdescribedn [32] because
of limited texture memory and non-lineartransformationsn the
caseof perspectie projections.Especiallylimited texture memory
will limit thesizeof the 3D texture mapresultingin alessaccurate
resamplingof the transferfunctions. Within this limited accurag,
however, arbitrarytransferfunctionsmaybe usedwithout affecting
therenderingtimes,whereaghe performanceof the HIAC system
dependscrucially on the chosentransferfunctions. In particulay
thin peaksare possiblewithin our approachresultingin unshaded
isosurbcesasdemonstrateh theappendix.

Figure 3: Visualization of a
synthetic data set with non-
linear transferfunctionsimple-
mentedwith a 3D texture map
of dimensions64 64 64 (1
MB).

Figure 4: Samedatasetasin

Figure 3 but renderedusing a
2D texture map of dimensions
256 256 (256KB). (SeeSec-
tion 4.)

4 A New Approximation for PT

As hardware-supporte@D texture mappingis only availableon a
few graphicsworkstations,andthe 3D texture mapsthat areem-
ployedin Section3 needrathermuchtexture memory we will de-
scribeanew approximatiorto therenderingof projectedetrahedra
using 2D texture mapping,which interpolateghe opacitylinearly.
However, this methodallows usto usearbitrarytransferfunctions,
while existing hardware-acceleratesolutionsarelimited to linear
transferfunctionswithin eachcell (e.g.[24]).

The basicideais to approximatethe dependenciesf the inte-
gralsin Equation(1) on| by linearterms,andto implementthese
termsby amodulationof thevertex colors. Theremainingintegrals
dependnly ons; ands,, andcanthusbetabulatedin a 2D texture
map.

Thedependenciesn! in Equatior(lg becomeamoreexplicit with
thevariablesubstitutiong®= t= andu®= u=:

Z 1 Z {0
exp | r(s(uy)d®
0 0

k(sl(t‘b)g(sl(t%)dt‘)
+exp Iolr(sl(tc))dto I:

10 = |

For | = 0 this equationreducesto 19= |. For givenr, k, sf and
s We evaluatethe integrals for anothervaluel = T = const and
extrapolatelinearly in I. The optimal choiceof | dependson the
particularapplicationbut settingl equalto the averagecell thick-
nesshasprovento be a goodapproximation.The 2D texture map
is de ned by
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andis modulatedby colorsat the verticeswith the RGBa compo-
nentssetequalto (1=1;1=l;14;14). In practicewe arescalingthese
colors by the maximumopacity valuein the texture mapin order
to avoid clampingfor valuesl > |. This scalingis compensated
by multiplying the entriesin the texture mapwith the reciprocal
value. The combinedeffect of texturing andblendingwith appro-
priateblendingcoefcients (e.g.in OpenGLGL ONEor thesource
blendfactorand GLONEMINUS SRCALPHAfor the destination
blendfactor)is

19= :: RGBpp+ 1 [ auwp l;
whichis our new approximatiorof Equation(1).

Ontheonehand,this approximatiorresultsin artifactsbecause
of the linearinterpolation(see[24]), on the otherhand,the useof
2D texture mappingenableausto utilize largertexture mapscom-
paredwith the 3D texture mapsemployedin Section3 resultingin
animproved resamplingf thetransferfunctions.

Figure 4 shaws the syntheticexamplefrom Figure 3 using 2D
insteadof 3D texture mapping. The linear approximationresults
in slightly smalleropacitiesresultingin lighter colors, while the
improvedresamplingesultsin sharperedgeof thestructuregen-
eratedby the transferfunctions. The middle imagein Figure 13
representan exampleof a 2D texture mapgeneratedy Equation
).
Thefollowing sectiongdiscussan independenextensionof the
PT algorithm capableof displayingsmoothly shadedisosurfices
without vertex interpolations. Additionally, two methodsare pre-
sentedo combineprojectedtetrahedravith opaquedsosurfces.

5 Prior Work about Isosurfaces

For anin-depthintroductioninto currentresearctaboutisosurbces
the readeris referredto [1]. Isosurficesareanindispensabléool

in volumevisualization althoughdirectvolumerenderingncludes
muchmoreinformationin one picture. However, isosuricesare
preferredfor mary applicationsasthey are usuallymore compre-
hensible. Thus, direct volume renderingtechniquesare often ex-

tendedwith isosuracesin orderto combinethe advantage®f both
techniques.



In their descriptionof the PT algorithm[21] Shirley and Tuch-
mansuggestedo calculateisosurficesbasedon a marchingtetra-
hedraalgorithmsimilar to the marchingcubesalgorithm[12, 34].
The combinationof thesealgorithmsmalkesit possibleto render
isosurficeswith ary degreeof transparencasnotedin [21].

However, researcton marchingcellsalgorithmsconcentratedn
reducingthenumberof cellstestedfor intersectionsvith theisosur
face[2, 3,4, 11, 19, 20, 30] andon simplifying the polygonalmesh
representingheisosurfce[7, 10, 15,16, 18].

Insteadof reducingthe numberof polygonspoint-basedalgo-
rithmsfor theextractionof isosuraced6, 9, 17, 23] do notproduce
ary polygons. Westermanrs multi-passalgorithmfor shadedso-
surfaceg[28] alsodoesnot constructa polygonalrepresentationf
the isosurfice. As our algorithmis basedon the sameidea, we
presenthe commonconceptin Section6 beforediscussingour al-
gorithmin Section?.

6 A Hardware-Accelerated
Cells Algorithm

Marching

This sectiondiscusses variantof the rst passof Westermanrs
algorithm for shadedsosuracesin unstructuredyrids [28]. The
algorithm presentecheresetsall pixels of the silhouetteof anin-
tersectiorof anisosurficewith atetrahedratell. Figure5ashavs
theresultingsilhouettewhile Figuressb and5c shav intermediate
stepsof thealgorithm.
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Figure5: Thepolygonof anisosurfice(isovalue0.5)within atetra-
hedralcell (a) canbe obtainedby an XOR combinationof the two
pictures(b) and(c). (b) shavs the partsof the backfacesof the
cell with scalarvaluelessthan0.5. (c) is theanalogueo (b) for the
front faces.

The rst stepis to renderthosepartsof the back facesof the
cellwheretheinterpolatedscalavalueis lessthantheisovalue(see
Figure5b). Utilizing OpenGLthis canbeachievedby settingthea-
componentsf thevertices'colorto thescalavaluesandactivating
anappropriatea-test. Thenthe front facesarerenderedn exactly
the sameway, i.e. againonly thosepartsare renderedwherethe
interpolatedscalavalueis lessthantheisovalue(seeFigure5c). By
combiningbothpictureswith anexclusive-OR(XOR) operatiorthe
correctsetof pixelsis obtained.UsingOpenGLan XOR operation
canberealizedwith the help of a 1-bit stencilbuffer by inverting
its contentsvheneer a pixel passeshea-test.

Note that the resultis not sensitve to the order of the polygon
renderingj.e. thebackandfront facescouldberenderedn ary or-
der Theresultis alsothesameif thea-testis invertedfor all faces,
i.e. if thosepartsof the polygonsare renderedvherethe interpo-
latedscalarvalueis greaterthantheisovalue. Westermanrs origi-
nal algorithmdiffersin sofar asthe a-testis invertedfor the back
facesonly andthe picturesarecombinedwith an AND-operation.
However, this requiresadditionalpassesn orderto generateboth
facesof theisosurhce.

In summanythis algorithmrequiresherenderingof all frontand
backfacesin orderto setthe stencilbuffer andto rendereitherthe
front or thebackfacesoncemorefor at-shadedisosurfices.Thus,
for a tetrahedrakell ve to seven triangleshave to be rendered,

while a polygonalrepresentationf theisosuracein atetrahedron
needsonly oneor two triangles. Therefore the advantageof inter-
polatingthe scalardatawith the helpof OpenGLhardwareis more
thancompensatetly the needto renderadditionalpolygons.
Thesituationis, however, fundamentallydifferentin the context
of thePT algorithmaswill bediscussedn thefollowing section.

7 Flat-Shaded Isosurfaces

As mentionedin Section2 the PT algorithm[21] triangulateshe
projectionof tetrahedraasshavn in Figurel. However, insteadof
referingto a triangulationof the projectedsilhouetteinto triangles,
we canaswell think of adecompositiorof the original tetrahedron
into smallertetrahedrawhich are projectedafter the decomposi-
tion. The projectionsof thesesmallertetrahedrareall of thesame
kind: Two facesaredegeneratandtheothertwo facesareprojected
ontothe same(non-dgeneratejriangle. This obseration enables
usto reducethe algorithm presentedn Section6 to a single-pass
algorithmfor thesetetrahedraising2D texture mapping.

As explainedin Sectiong pixelsaresetif andonly if theinterpo-
latedscalarvalueof eitherthe backor thefront faceis lessthanthe
isovalue. As notedthe backandfront faceare projectedonto the
sametriangle. Therefore,it is sufcient to renderthis triangleus-
ing a checlerboard-lile, two-dimensionatexture mapasshavn in
theright-handcolumnof Figure6 with thetwo texture coordinates
correspondingo theinterpolatedscalarvalueof the backandfront
face respectiely. (SeetheappendiXor analternatve derivation of
this 2D texturemap.)
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Figure 6: Projectedtetrahedramiddle column)with at-shaded
isosurhicesfor isovalues0.75 (top row), 0.5 (middle row), and0.3

(bottomrow). The left-hand column shaws the sametetrahedra
slightly rotatedwith scalardataat the vertices. Thesevaluesde-

ne the texture coordinatedncludedin the picturesof the actual

projectionsin the middle column. The right-handcolumn shavs

the correspondingexture mapsincludingthetrianglesin the space
of texture coordinates.

The rst texturecoordinatecorrespondgo thescalavalueonthe
front faceandthe secondexture coordinateto the scalarvalueon
thebackface.As thescaladataareinterpolatedinearly, thetexture



coordinateshouldalsobeinterpolatedinearly. Perspectie correc-
tions of texture coordinateshould,therefore be disabled. Actual
valuesof texture coordinatedave to be speci ed at the verticesof
the triangle and are determinedby the scalardatade ned at the
verticesof the projectedtetrahedron(Seethe left-handcolumnin
Figure6 for thescalardatade ned attheverticesof thetretrahedron
andthemiddlecolumnfor theresultingpairsof texturecoordinates
attheverticesof the projectedriangle.)If thescalardataarenotin
theappropriateangefor texture coordinatesthe valueshave to be
scaledaccordingly However, this canbe donein a preprocessing
step.

The texture itself hasto determinethe a-component,i.e. the
opacity which hasto be 1 for opaqueisosurbiceswheneer either
the rst or the secondtexture coordinateis lessthanthe isovalue,
and0 otherwise(seethe right-handcolumn of Figure6). As this
passdoesnot allow ary kind of smoothshading,we emplg at
shading,i.e. the RGB-componentsf the color of the triangle are
constant.

Unfortunately edgesof isosurficepatcheswithin triangles(see
the middle columnof Figure6 for someexamples)will causeren-
deringartifactsasthereis no mechanisnwhich alignsthemexactly
to the correspondingedgesin the projectedtetrahedran front or
behind. We canavoid gapsby slightly modifying the texture map,
effectively “thickening' theisosuraice. This eliminatesartifactsfor
opaqueisosurfices;for partially transparentsosurfices,however,
this will visually enhanceedgesof the tetrahedralmeshby ren-
dering pixels twice. In fact theseedgeshelp to comprehendhe
three-dimensionastructureof at-shadedisosurfices. Nonethe-
less,remaving theseartifactsfor partially transparentsosurfices
is anopenproblemandrequiresadditionalefforts in thefuture.

8 Smoothl y Shaded Isosurfaces

Our algorithmfor smoothlyshadedsosuracesis againa variant
of the correspondingprasse®f Westermanrs algorithmfor shaded
isosurficesin unstructuredgrids [28]; however, thereare several
crucialdifferencesFor eachtrianglethe stepsof our algorithmare:

1. Renderthe shadechackfacetrianglerestrictedto the isosur
facesilhouetteasdiscussedn Section7.

2. Repeathe precedingstepfor thefront facetriangle.
3. Formtheweightedsumof thetwo pictures.

The weightsdiffer for eachpixel asthey dependon the relative
distanceof the isosurficeto the front andbackface,respectiely
(seeFigure 7). For reasonswvhich will becomeclearin the next
paragraphlet a denotethe weight of a pixel of the front triangle.
Accordingto Figure7 theweighta is

a= 30 % gor
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with the isovalue sgo; Sf ands, werede ned in Section3. The
weight of a correspondingpixel on the backfacetriangleis 1 a.
While weightsfor all pixelswerecalculatedn softwarein [28], we
arecalculatingthe weightedsumcompletelyin hardware.

We still usethe 2D texture mapof Section7 for the backface
trianglebut employ a modi ed versionof this texture mapfor the
frontfacetriangle. This new texture map(seeFigure8 for anexam-
ple) is modulatedwith the weightsa. As the original texture map
containsonly opacity valuesO and 1, this modulatedmapin fact
storestheweightsa = - for the front facetriangle. (Remem-
berthats; ands, arethe texture coordinatesand that the texture
map alreadydependn Sgo.) Thus,the weightsa in fact spec-
ify opacities.Usingthis texture mapwhenrenderingthe front face

v

Figure 7: Renderingsmoothly shadedisosuraces by shading
the back and front facetriangle, and forming the weightedsum.
Weightsare symbolizedby gray scalesandare determinedby the
relative distance®f thefront andbackfacego theisosurkcegiven

by(sso So)=(st ) and(sso Sf)=(sp St) respectiely.

triangle and blendingit appropriatelyonto the opaquebackface
triangle generatestherefore the correctweightedsumof both tri-
angles.
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Figure 8: A 2D texture map
usedfor a front face triangle;
black correspondgo opacity 1
(opaque), white to opacity 0
(transparent). It is a modula-
tion of thelower texture mapin
Figure 6 with the weightsa =

Sso S .~ 0
S andsgo = 0:3.

Figure9: Thecorrectcombina-
tion of the texture mapsfrom
Figure 6 into a single texture
map for multiple isosurfces.
(SeeSection9.)

Thus,our algorithmfor smoothlyshadedsosurficescanbere-
formulatedin two passegor eachtetrahedron:

1. Renderthe shadedhackfacetrianglerestrictedto the isosur
facesilhouette.(SeeSection?.)

2. Blendthe shadedront facetrianglemodulatedwith atexture
map containingthe correctweightsonto the backfacetrian-
gle.

Specialcarehasto be taken with verticesfrom the decompo-
sition of projectedtetrahedrapecausehey canresultin artifacts
similar to thoseinducedby hangingnodes.Therefore the color of
avertex insertecbetweertwo verticesof themeshhasto beequalto
thecolor generatedby thegraphicshardwareinterpolatingbetween
thesevertices.

The algorithm was usedin Figure 10 to renderseveral iSOSur
facesof differentcolorsasexplainedin thefollowing section.



Figure 10: Severalisosurhces Figure 11: Smooth combina-
extracted from the data set tion of Figures4 and10. (See
shawvn in Figures3 and4. Section10.)

9 Colored and Multiple Isosurfaces

The techniquegpresentedn Sections7 and 8 canbe extendedto
coloredandmultiple isosuraces.Coloring canbe achieved by set-
ting the vertex colorsto white and modulatingthemwith colored
RGBa texturemaps.Thetwo facesof anisosurficecanbecolored
independentlypy choosingdifferentcolorsfor texelswith s¢ > s,
andss < s, respectiely.

An exampleof a texture map for multiple isosurficesis given
in Figure9, which shavs the combinationof the (colored)texture
mapsfrom Figure6. The visibility ordering'is easyto understand:
For sf < s, we view alongthegradientof the scalar eld, thusiso-
surfacesfor smallerisovaluesoccludethosefor greaterisovalues,
andvice versafor s > .

Assumingthatall cells arerenderedthe numberof isosurfices
nin thetexturemapdoesnot affecttherenderingtime. For opaque
isosurficesour methodshareshis featurewith Westermanrs al-
gorithmfor multipleisosurbiceq26], while ray-castingapproaches
dependat leastlogarithmicallyon n. For partially transpareniso-
surfacesour methoddoesstill not dependon n while the depen-
deng of ray-castingapproacheshangego n.

10 Mixing Isosurfaces with Projected Vol-
umes

It wasclaimedthatrenderingmixturesof opaquepolygonsandvol-
umetric datais straightforvard, e.g.in [8]. This claim, however,
doesnot apply to ary cell projectingapproachincluding the PT
algorithm, since specialattentionhasto be paid to partially oc-
cludedcells. In [32] Williams et al. suggesto slice eachcell at
userspeci edisovalues.Thetime compleity of this method how-
ever, dependdinearly on the numberof isosurfices.As we noted
in Section9 thetime compleity of our algorithmdoesnot depend
onthenumberof isosurficesthereforewe proposdwo alternatve
methodsof mixing isosurcesandprojectedtetrahedrawhich are
moreappropriaten this context.

The algorithmpresentedn Section8 allows usto smoothlyin-
cludeprojectedtetrahedray renderingthemafterthe correspond-
ing backfacetriangleandbeforethefront facetriangle. This order
ensureshattheprojectedvolumeis completelyoccludedvherethe
front facetriangleis opaquej.e. wheretheisosurfceis in front of
the volume at the front face, andthat the volume is not affected
wherethe front faceis transparenti.e. wherethe isosurficeis be-
hind the volume at the backface. Figure 7 illustratesthis correla-
tion: Therelative thicknessof the occludedpart of thetetrahedron
(white) correspondso theweightof thefront face(left grayscale).

An exampleemploying this methodis givenin Figurel1, which
mixestheisosurfcesof Figure 10 with the projectedtetrahedraf
Figure4. More realisticexamplesare presentedn Figuresl4, 16,
and17. Figure13 compriseghethree2D texture mapsrequiredto
renderthe NASA Blunt n dataset(Figure14).

Although our approachavoids discontinuities,it is not com-
pletely accuratewith respecto correctray integration. Therefore,
we developeda morerigorousmethod.For opaquesosurficesthe
ray integrationin Equation(2), respectiely Equation(1) if 3D tex-
ture mappingis emplgyed, hasto be stoppedassoonasoneof the
isovaluesis reachedj.e. for 5(t) = sgo (SeeFigure 7). By ren-
deringthe isosurficesfor eachtriangle rst (eitherin onepassfor
at-shadedisosurficesor two passedor smoothlyshadedsosur
faces)followed by the projectedvolumewith the modi ed 2D or
3D texturemap,we areableto generatenaccuratepicture.

An exampleof a 2D texture map generatedhis way is shavn
in Figure 15 which correspondso the middletexturein Figure13.
Theisosurhcesmanifestthemselesin transparentertical stripes
which correspondo a scalarvaluess on the front faceof atetra-
hedronslightly greatethanoneof theisovalues.In Figure12 this
techniques usedto visualizethe opacity of the correspondin@D
texturemapof Section3.

Bothmethodgpresentedh this sectioncanbegeneralizedo par
tially transparenisosurfices.

Figure12: Visualizationof the opacityof the 3D texture mapthat
correspondso the 2D texture mapin Figure15. The additionaldi-
mensiorparameterizethelengthof theviewing ray within atetra-
hedralcell. Theisosurficerepresentgpacityvaluesof 0.25.

11 Results

With hardware-acceleratetéxture mappingthe directvolumeren-
deringmethod9resentedn Sections3 and4 areessentiallyasfast
as existing implementationof the PT algorithm. We emphasize
thattherenderingtimesfor our methodss not affectedby the par
ticulartransferfunctionsemployed.

Our extensionsof the PT algorithm are hardto comparewith
“non-PT” algorithmsfor directvolumerendering,e.g.approaches
basedon slicing, becausehe mosttime critical stepof the PT al-
gorithmis the sortingof thetetrahedrawhich is notaffectedby the
extensiongresentedh this paper

Thealgorithmsfor therenderingof isosuracesdescribedn Sec-
tions7 and8 dependnthecorrectsortinganddecompositiorof the
tetrahedrakells, while mostof the algorithmsmentionedin Sec-
tion 5 do not requireary sorting or decompositiorof tetrahedra.



Moreover, we did not attemptto reducethe numberof cellstested
for intersectionswith theisosurfice. Thus,mostof the algorithms
mentionedn Section5 will usuallybe fasterthanour currentim-
plementatiorif usedto renderonly a singleisosurfice. However,
asourworst-caseenderingime doesnot dependn thenumberof
isosurfices,our methodwill outrunmostof the otheralgorithmsif
thenumberof isosurfcess largeenough(seealsoTablel).

Moreover, our renderingalgorithmsgreatlybene t from acom-
binationwith projectedvolumecellsasdescribedn Sectionl0 be-
causethe sortinganddecompositiorof tetrahedraanbereusedn
this scenario.Thus,the inclusionof isosurficesin a visualization
applicationbasedon the PT algorithmis almostfor free. As the
renderingin our methodsincludesextraction and triangulationof
theisosurfice,therenderingtime (without sortinganddecomposi-
tion of tetrahedraghouldbe comparedo the sumof the extraction,
triangulation,andrenderingtimes of otheralgorithms. Additional
efforts requiredby otheralgorithmsfor partially transparenisosur
facesandmixing with volumecells shouldalsobe consideredn a
fair comparison.

no.isosurices| no.cells | at-shaded | smoothlyshaded
1 14,729 0.09sec. 0.22sec.
2 25,361 0.20sec. 0.41sec.
10 25,361 0.20sec. 0.41sec.

Table 1: Renderingtimes (including “extraction' and “triangula-
tion") for isosurbicesfrom the NASA blunt n dataset. Thenumber
of cellsrefersto thenumberof tetrahedrantersectedy atleastone
isosurfice.Timingsfor thesortinganddecompositiorof tetrahedra
arenotincludedasthesestepsarealreadydoneby the original PT
algorithmwithout our extensions.

Therenderingimesin Tablel wereobtainedonanOctaneMXE
with aMIPS R10K 250MHz CPU. Theisosurbceswereextracted
fromtheNASA blunt n dataset,whichwascorvertedinto 187,395
tetrahedra. An image with threeisosurficesis depictedin Fig-
ure 14. Clearly the renderingtimesfor at-shadedisosuricede-
pendon the numberof intersectedetrahedrgno double-counting)
insteadof the numberof isosurfices.Smoothlyshadedsosurfices
requireabouttwice asmuchtime becausehe backandfront faces
have to berenderedseparately

For a single, smoothlyshadedsosurficeour renderingtime is
closeto the 0.2 secondseportedoy Westermaniin [28]. Theren-
deringperformancds comparabldo the resultsof Wittenbrinkin
[33].

12 Conclusion

We presentedh hardware-acceleratebut accuratewvay of render
ing projectedetrahedraising3D texture mapping.We expectthis
methodto becomemoreattrative as3D texture mappinghardvare
becomesnorewidespread As analternatve we derived a lessac-
curatemethodusing2D texturemapping.Bothmethodsallow usto
emplg arbitrarytransferfunctions,which is importantfor several
volume visualizationtechniquese.g. the extraction of unshaded
isosurficeswith appropriatd@ransferfunctions.

A secondxtensionto the PT alogrithmallows usto rendemul-
tiple isosurficesvhichmaybepartially transparenigolored,and/or
smoothlyshaded.The generatiorof theseisosurficesdoesnot re-
quirethe explicit calculationof new verticesandneedsnly afrac-
tion of thecomputatiortime of the PT algorithm.

We have alsodescribedwo methodgo combineisosurficeswith
projectedvolumecells. In this caseour approacho renderingiso-
surfacesratherthanextractingthemis muchfasterthantraditional
techniques.

Furthermorewe expectthepossibilityof interactizely rendering
dozensor hundredsof isosurficesin combinationwith projected
volumecellsto beusefulfor visualizingdatasetswhich arelessef-
fectively visualizedby directvolumerenderinge.g.the displayof
multiple time surfacesin o w visualizationaspresentedy West-
ermann26).

Finally, we would like to point out that our methodsare espe-
cially suitedfor low-level graphicsAPIs; therefore,they would
greatlybene tfrom animplementatiorof thePT algorithmin hard-
ware. In particularthe calculationof the verticesof the decom-
posedeetrahedrancludingtheinterpolationof gradientsandscalar
valuesatthenew verticescouldbetremendouslacceleratedSup-
plementedwith an API that alsoincludesutility functionsfor the
generatiorof suitabletexture mapssucha hardware implementa-
tion of the PT algorithmwould allow programmergo quickly de-
velop very fastand powerful volumevisualizationapplicationsfor
structuredandunstructuredneshes.
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Appendix

This appendixdemonstratethe extractionof unshadedsosurfices
with the techniquepresentedn Section3 by choosingan appror

iate transferfunctionr. As a side effect the 2D texture mapsof

Section? revealthemselesasspecialcaseof the 3D texturemap
of Section3.

In orderto extract the isosurficefor an isovalue s, we have
to setr(s) = 0 for s6 Sgo and“r (Sgo) = ¥". Formally, we set
r(s) = Cd(s sso) With alarge constantC andDirac's deltafunc-
tion d(x) (see[25]); multiple isosurfcescorrespondo a sum of
deltafunctions.As k(Siso) is constantwe areonly interestedn the
valueof a asde nedin Equation(1):

Z,
1 a = ep r(s(t))d
0
= exp OCd(Sf"’l*(Sb Sf)  Sso)dt
Z,
iso S
= ep l dt |M
0 S St S St
— exp Cq‘| Sso St H Sso S
S St St S
withC%= C L andtheHeavisidestepfunctionH (x) (se€[25]).

S St
Thus,forC! ¥ weobtain

Y s Y
a=H Siso f H Sso S ;

S St St S

whichis independentf I. Thedependencons; ands, is already
visualizedin the texture mapsshavn in Figure6. Obviously, the
2D texture mapsusedin Section7 arein fact specialcasesof the
3D texture mapof Section3. However, the derivation presentedn

Sectionss and7 appear$o be moreintuitive andcomprehensible.
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Figure13: These2D texture mapsof dimension2256 256 wereusedto rendertheBlunt n datasetdepictedbelon. Theleft
andright textureswereemployed to renderthe backandfront facetriangles,whereaghe projectedvolumewasgeneratedy
the middle texture. The texels on the diagonalof this texture representhe transferfunctions. Black pixelsin theseimages

correspondo completelytransparentexels.

Figure 14: Visualizationof the Blunt n datasetwith threeisosurfices Figure15: 2D texture mapcorrespond-
ing to the middle texture of Figure 13

mixedwith projectedtetrahedra.
but with the integration stoppedat the
isovalues.

Figure16: A visualizationof an MRI headscan. Theiso- Figurel7: A CT scanof abonsai:Leavesarevisualizedby
directvolumerendering,while the trunk andthe branches

surfacedepictssoft tissuelocatedin the cheeksandbehind
theeye balls. areshavn by thebrown isosurfce.



